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ABSTRACT
We present the two-dimensional inflow-outflow solutions of radiation hydrodynamic (RHD) equations
of supercritical accretion flows. Compared with prior studies, we include all components of the viscous
stress tensor. We assume steady state flow and use self-similar solutions in the radial direction to solve
the equations in r− θ domain of the spherical coordinates. The set of differential equations have been
integrated from the rotation axis to the equatorial plane. We find that the self-similarity assumption
requires that the radial profile of density is described by ρ(r) ∝ r−0.5. Correspondingly, the radial
profile of the mass inflow rate decreases with decreasing radii as M˙in ∝ r. Inflow-outflow structure
has been found in our solution. In the region θ > 65◦ there exist inflow while above that flow moves
outward and outflow could launch. The driving forces of the outflow are analyzed and found that
the radiation force is dominant and push the gas particles outwards with poloidal velocity ∼ 0.25c.
The properties of outflow are also studied. The results show that the mass flux weighted angular
momentum of the inflow is lower than that of outflow, thus the angular momentum of the flow can be
transported by the outflow. We also analyze the convective stability of the supercritical disk and find
that in the absence of the magnetic field, the flow is convectively unstable. Our analytical results are
fully consistent with the previous numerical simulations of the supercritical accretion flow.
Keywords: accretion, accretion discs — black hole physics — hydrodynamics
1. INTRODUCTION
Accretion of gas through a disc onto a black hole is
associated with many active phenomena in our universe
such as active galactic nuclei (AGNs), X-ray binaries
(XRBs), and extra galactic jets. Based on temperature,
black hole accretion discs can be divided into two dis-
tinct classes: hot and cold (see Yuan & Narayan 2014
for review). Hot accretion flow consists of optically thin,
and geometrically thick disc with very low mass accre-
tion rate (e.g. Narayan & Yi 1994, 1995; Blandford
& Begelman 1999, 2004; Yuan et al. 2012a,b; Mosal-
lanezhad et al. 2014, 2016; Zeraatgari & Abbassi 2015;
Zeraatgari et al. 2018). While, in cold accretion flow,
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the disc is optically thick with relatively high mass ac-
cretion rate.
In terms of cold accretion flow, standard thin disc
model is the first authentic model of black hole accre-
tion disc (Shakura & Sunyaev 1973; Novikov & Thorne
1973, Lynden-Bell & Pringle 1974; Pringle 1981). In
this model the heat generated by the viscosity locally
radiates away from the disc. Consequently, the disc
temperature becomes far below the virial temperature,
i.e., 104 − 107K. The criterion for mass accretion rate
is the Eddington rate defined as M˙Edd = LEdd/(ηc2),
where LEdd is the Eddington luminosity, η is the radia-
tive efficiency, and c is the speed of light. The thin disc
model can successfully be applied to many black hole
systems when their mass accretion rate are slightly low,
M˙ . M˙Edd (e.g., Pringle 1981; Frank et al. 2002; Kato
et al. 2008; Abramowicz & Fragile 2013; Blaes 2014;
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Koratkar & Blaes 1999; Remillard & McClintock 2006;
McClintock et al. 2014).
When the accretion rate is above the Eddington limit,
advection becomes important, and the accretion flow
can be described by the Super-Eddington (or supercrit-
ical) flow. In this case, the radiative diffusion timescale,
tdiff , can exceed the timescale for accretion, tacc, as a
consequence of the high mass accretion rate. Thus, the
diffused photons cannot escape from the disc and ac-
crete onto the black hole with gas particles. Note that
in some 3D RMHD simulation of super-Eddington ac-
cretion (e.g., Jiang et al. 2014), they found that radia-
tive transfer in the vertical direction is important thus
photon trapping is not as strong as people previously
thought.
The HD and MHD numerical simulations of hot ac-
cretion flow have found that mass inflow rate decreases
inward ( e.g., Stone et al. 1999; Yuan et al. 2012b).
In this regards, various analytical works proposed to ex-
plain this result such as adiabatic inflow-outflow solution
(ADIOS, Blandford & Begelman 1999, 2004, Begelman
2012) and convection dominated accretion flow (CDAF,
Narayan et al. 2000). Based on ADIOS model, mass
loss in the outflow is the reason for the inward decrease
of the mass accretion rate. Therefore, due to the pres-
ence of outflow the mass accretion rate is not a con-
stant with radius and decreases towards the black hole.
CDAF model also presented to explain the simulations
is assumed to be convectively unstable. However, recent
numerical simulations have shown that MHD accretion
flows are convectively stable (Narayan et al. 2012, Yuan
et al. 2012a).
In the case of the supercritical accretion flow, the out-
flow/wind is unavoidable. Since the accretion luminos-
ity exceeds Eddington limit, the radiation force becomes
much more greater than the gravity. Subsequently, at
high latitudes, the gas particles can be accelerated by
the radiation pressure and blown out from the system
as multi-dimensional effects like jet/wind. Some good
candidates for supercritical accretion flows are ultra-
luminous X-ray sources (ULXs), ultra-soft X-ray sources
(ULSs), narrow-line Seyfert 1 galaxies (NLS1s), bright
micro-quasars (see, e.g., Wang & Zhou 1999; Boller
2000; Mineshige et al. 2000; Makishima et al. 2000;
Miller et al. 2004, Done et al. 2007; Vierdayanti et al.
2010; Fu¨rst et al. 2016; Israel et al. 2017a,b; Kaaret et
al. 2017; Kosec et al. 2018).
Several multi-dimensional/time-dependent radiation
hydrodynamic (RHD), radiation magnetohydrodynamic
(RMHD) and general relativistic-radiation magnetohy-
drodynamic (GR-RMHD) simulations have been per-
formed to reveal the physical properties of the supercrit-
ical flows (Eggum et al. 1987, 1988; Okuda 2002; Okuda
et al. 2005; Ohsuga et al. 2005; Ohsuga & Mineshige
2007; Ohsuga et al. 2009; Kawashima et al. 2009, 2012;
Ohsuga & Mineshige 2011; Yang et al. 2014; Jiang et al.
2014; Sadowski et al. 2014, 2015; McKinney et al. 2014;
Fragile et al. 2014; Takahashi et al. 2016; Kitaki et al.
2017; Kitaki et al. 2018). The first one-dimensional an-
alytical studies on super-Eddington accretion flow, i.e.,
the slim disc model have focused on the radial structure
of the flow (Begelman & Meier 1982; Abramowicz et al.
1988; Wang & Zhou 1999; Watarai & Fukue 1999; Mi-
neshige et al. 2000; Watarai et al. 2000, 2001; Watarai
2006; Fukue 2004; Gu & Lu 2007). They used cylin-
drical coordinates (R,φ, z) and adopted H = cs/ΩK for
the disc height, where cs and ΩK are the sound speed
and the Keplerian velocity, respectively. In the men-
tioned relation, based on hydrostatic equilibrium in the
vertical direction, the disc height was considered con-
stant. Although this approximation might be true for
standard thin disc model, it is obviously inaccurate for
supercritical disc where the disc is geometrically thick
due to the high mass accretion rate. However, Zer-
aatgari et al. 2016 solved the 1.5−dimensional inflow-
outflow equations of supercritical accretion flow by as-
suming a power-law function for mass accretion rate,
M˙ ∝ rs. They found that s = 1 due to the inclusion of
the radiative cooling. Ohsuga et al. 2005 is one of the
pioneer numerical simulation works which considered a
relatively small angular momentum for the flow and ob-
tained quasi-steady state solutions. They found a small
inflow region near the equatorial plane and very wide
angle outflow region above the disc.
To reveal the complex two-dimensional structure and
understanding the physical properties of the supercriti-
cal accretion flow, Gu 2012 adopted spherical polar coor-
dinates and considered only Trφ component of the stress
tensor to mimic the angular momentum transfer by the
magneto-rotational instability (MRI, Balbus & Hawley
1998). He assumed that the radiation pressure is much
more stronger than the gas pressure, i.e., pgas/prad  1.
He further assumed vθ = 0 which is obviously incorrect
for the extremely high mass accretion rate. By mak-
ing use of the radial self-similar solutions, he showed
that the polytropic relation adopted in previous ana-
lytical works was not suitable. He found that even for
marginally sub-Eddington accretion flow the energy ad-
vection was significant and the accretion disc was con-
vectively stable.
In the present study, we revisit the inflow-outflow
structure of the supercritical accretion flow by means of
radial self-similar solution. The main aim of this study
is to relax the assumption of vθ = 0 compared with Gu
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2012 and consider very high mass accretion rate (see fig-
ure 1 of Gu 2012 for more details). To do so, we adopt
spherical coordinations and consider all components of
the velocity, i.e., (vr, vθ, vφ) and also all components of
the viscous stress tensor. We integrate the set of coupled
RHD equations in the whole vertical angle, from rota-
tional axis to the equatorial plane. Therefore, compare
to the previous analytical works, we can clearly show
two dimensional structure of the supercritical disc and
address its physical properties when the disc is in the
steady state.
The remainder of the manuscript is organized as fol-
lows. The basic equations and assumptions are de-
scribed in section 2. The self-similar solutions and
boundary conditions are given in Section 3. In Section
4, the numerical results are presented with detailed ex-
planations. Finally, the summary and discussion are
provided in Section 5.
2. BASIC EQUATIONS AND ASSUMPTIONS
In this section, we describe the two-dimensional RHD
equations of accretion flow around a non-rotating black
hole in spherical coordinates (r, θ,φ). We neglect the
self-gravity of the accretion disc. To avoid the relativis-
tic effects, the Newtonian potential, ψ = −(GM)/r, is
considered, where G is the gravitational constant and
M is the black hole mass. The basic RHD equations of
the accretion flow are written as follows,
∂ρ
∂t
+∇ · (ρv) = 0, (1)
ρ
[
∂v
∂t
+ (v ·∇)v
]
= −ρ∇ψ−∇pgas+∇·σ+χ
c
F , (2)
∂e
∂t
+∇ · (ev) = −pgas∇ · v − 4piκB + cκE + Φvis, (3)
∂E
∂t
+∇ · (Ev) = −∇ ·F −∇v : P + 4piκB− cκE. (4)
In the above equations, ρ is the density, v [= (vr, vθ, vφ)]
is the velocity, pgas is the gas pressure, σ is the viscous
stress tensor, χ is the total opacity, F is the radiation
flux, e is the internal energy density of the gas, E is
the radiation energy density, P is the radiation pressure
tensor, κ is the absorption opacity, B is the blackbody
intensity, and Φvis is the viscous dissipative function.
The viscous stress tensor can be described as,
σij = µ
[(
∂vj
∂xi
+ ∂vi
∂xj
)
− 23 (∇ · v)
]
(5)
where µ(≡ νρ) is the dynamical viscosity coefficient
which determines the magnitude of the stress and ν is
called the kinematic viscosity coefficient. We note that
the bulk viscosity is neglected in this study. The dynam-
ical viscosity coefficient is calculated with the usual α
prescription of the viscosity (Shakura & Sunyaev 1973),
µ = αpgas + λEΩK
, (6)
where α is the viscosity parameter, λ is the flux limiter,
and ΩK ≡ (GM/r3)1/2 is the Keplerian angular momen-
tum. To calculate the radiation flux, F , we apply the
flux-limited diffusion (FLD) approximation (Levermore
& Pomraning 1981) as,
F = −λc
χ
∇E, (7)
where λ is flux limiter. To avoid the complexity, the
absorption opacity including both free-free absorption,
κff , and bound-free absorption, κbf , are neglected in the
present study. The total opacity is then χ = ρκes, where
κes is the electron scattering opacity. The radiation pres-
sure tensor is calculated in terms of energy density of the
radiation as,
P = fE, (8)
where f is the Eddington tensor. In this study we focus
on optically thick region, where λ = 1/3 and f = I/3
(Kato et al. 2008). Thus, the Eddington approximation
yields to,
Pij =
prad = E/3 if i = j,0 if i 6= j. (9)
By combining equation(3) and equation(4), the total en-
ergy equation including gas and radiation can be rewrit-
ten as,
∂ (e+ E)
∂t
+∇ · [(e+ E)v] = −(pgas + prad)∇ · v
−∇ · F + Φvis, (10)
where prad is radiation pressure and based on our as-
sumption it is much more stronger than the gas pressure,
i.e., pgas/prad  11. Thus, the gas pressure as well as
internal energy density of the gas will be dropped in our
equations. We consider steady-state and axisymmetric
(∂/∂t = ∂/∂φ = 0) flow to solve equations (1)-(4). The
detailed form of partial differential equations (PDEs)
1 In the future study we relax this assumption and work in a regime
where gas pressure and also radiation pressure are comparable
with each other.
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are presented in Appendix A, (see equations [A7]-[A13]).
We outline our self-similar solutions and boundary con-
ditions in the following section.
3. SELF-SIMILAR SOLUTIONS AND BOUNDARY
CONDITIONS
Many numerical simulations of accretion flow show
that the radial profile of the density can be described as
a power law function of r as ρ(r) ∝ r−n. In terms of hot
accretion flow, the global numerical simulations are con-
sistent with the self-similar assumptions away from the
boundaries (e.g., Stone et al. 1999; Yuan et al. 2012a,b;
Yuan et al. 2015). For the case of super-Eddington ac-
cretion flow, recent numerical simulations also show that
the radial profile of the density follows a power law form
with n ≈ 0.55 for a wide range of α from α = 0.005 to
0.1 (Ohsuga et al. 2005, Yang et al. 2014) 2. Therefore,
in order to solve the equations ([A7]-[A11]), by numer-
ical methods, we adopt self-similar solutions to remove
the radial dependence of the variables.
3.1. Self-similar Solutions
By considering a fiducial radial distance, i.e., r0, the
self-similar solutions can be written as a power-law form
of r/r0. Thus, the physical variables of the flow can be
written by the following radial scaling,
vr (r, θ) = v0
(
r
r0
)−1/2
vr(θ), (11)
vθ (r, θ) = v0
(
r
r0
)−1/2
vθ(θ), (12)
vφ (r, θ) = v0
(
r
r0
)−1/2
Ω(θ) sin θ, (13)
ρ (r, θ) = ρ0
(
r
r0
)−n
ρ(θ), (14)
prad (r, θ) = ρ0v20
(
r
r0
)−n−1
p(θ), (15)
where v0 = (GM/r0)1/2 and ρ0 are considered to be
Keplerian velocity and density at r0, respectively. By
substituting above self-similar solutions into equations
[A7]-[A11], the radial dependency will be removed only
if n = 1/2. This is mainly due to the inclusion of the
radiative cooling in the energy equation, i.e.,∇·F . Con-
sequently, the radial profile of the accretion rate can be
well described by M˙ ∝ r which is fully consistent with
2 Note that Kitaki et al. 2018 showed some deviations from the
self-similar assumptions.
hyperaccreting ADIOS model of Begelman 2012. This
result is again consistent with the radial dependency of
the density found in this present study.
Substituting equations (11)-(15) into equations ([A7]-
[A11], we can reduce them to ordinary differential equa-
tions (ODEs) given in Appendix (B). Equations (B14)-
(B18) describe the variations of the five physical quan-
tities, vr(θ), vθ(θ), vφ(θ), ρ(θ), and p(θ) in the vertical
direction.
3.2. Boundary Conditions
Following Narayan & Yi 1995, we assume that all flow
variables are even symmetric, continuous, and differen-
tiable at the equatorial plane, θ = pi/2, and the rotation
axis, θ = 0. The main difference here compare to the
previous works is that we include the latitudinal com-
ponent of the velocity, vθ, in our equations and consider
it to be zero at both the equatorial plane and the rota-
tion axis. Therefore, we apply the following boundary
conditions at θ = pi/2 and θ = 0:
vθ =
dρ
dθ =
dp
dθ =
dvr
dθ =
dΩ
dθ = 0 (16)
To solve the set of ODEs, (see equations [B14]-[B18]
in Appendix B), we need to set fiducial radial distance,
r0 and the density there, ρ0, which are defined in equa-
tions (11)-(15), (see the constant term, τ−1(c/v0), in
the right-hand side of the equation [B18] as well). Nu-
merical simulations of accretion flow show that the ra-
dial velocity increases inward very rapidly because of the
strong gravity near the black hole (Ohsuga et al. 2005,
Yuan et al. 2012a,b). To avoid shock occurring by su-
personic inflow near the central region, which is a source
of deviation from the self-similar assumptions, we ne-
glect the region within 10rs, where rs = 2GM/c2 is the
Schwarzschild radius (see e.g., Kawashima et al. 2012,
Jiang et al. 2014). Due to the assumption of high mass
accretion rate, we expect strong radiation produced at
the innermost region interacts with gas particles at the
region r & 10rs and strong outflow is driven there. To
show the two dimensional inflow-outflow structure of the
flow, we consider all components of the velocity includ-
ing vθ in our equations. Throughout present study, we
set the inner and outer radial range of the domain as
rmin = 10rs and rmax = 500rs, respectively. Thus, the
assumption of Newtonian potential is safely valid in this
range. We set r0 = 10rs and for the initial density,
ρ0, we calculate the mass inflow rate at the outer radial
boundary. Following numerical simulations of supercrit-
ical accretion flow, the dimensionless mass inflow rate
defines as (see Ohsuga et al. 2005, Yang et al. 2014)
m˙ = − c
2
LEdd
∫ pi
0
2pir2ρmin (vr, 0) sin θ dθ. (17)
outflow from supercritical accretion flow 5
0 15 30 45 60 75 90
-0.05
0
0.05
0.1
0.15
0.2
0.25
0 15 30 45 60 75 90
-0.15
-0.12
-0.09
-0.06
-0.03
0
0 15 30 45 60 75 90
0.75
0.8
0.85
0.9
0.95
1
0 15 30 45 60 75 90
0
0.2
0.4
0.6
0.8
1
0 15 30 45 60 75 90
0.1
0.12
0.14
0.16
0.18
0.2
0 15 30 45 60 75 90
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
Figure 1: Angular profile of the physical variables at r = 10rs. Top-left panel: radial velocity in the unit of light
speed, c. Dashed line shows the location of vr = 0 that is about 65◦. Top-middle panel: latitudinal velocity in the unit
of Keplerian velocity, v0. Top-right panel: Angular velocity in the unit of Keplerian angular velocity, Ω0. Bottom-left
panel: density in the unit of density of mid-plane at r0, i.e., ρ0. Bottom-middle panel: radiation pressure in the unit
of ρ0v20 . Bottom-right panel: Mach numbers.
Figure 2: Two-dimensional distribution of the density (left panel) and the temperature (right panel) based on the self-
similar solutions. Both panels overlaid with the poloidal velocity. In the left panel, the poloidal velocity is normalized
by 0.1c to denote the strength of the outflow while in the right panel, the poloidal velocity is normalized with its
absolute value to denote the direction of the vectors.
We set m˙ = 1300 at the outer radial boundary, i.e.,
rmax = 500rs throughout this paper. Based on self-
similar solutions adopted here, the mass inflow rate in
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this study is not radially constant and decreases inward
as m˙ ∝ r. We use iteration method to find the value of
ρ0 by solving equation (17) at the outer radial boundary.
4. NUMERICAL RESULTS
We solve the ordinary differential equations [B14]-
[B18] by integrating from the equatorial plane (θ = pi/2)
to the rotation axis (θ = 0). We adopt the values of
α = 0.1, M = 10M, and κes = 0.34 with reference
to the numerical simulations of Ohsuga et al. 2005 and
Yang et al. 2014. The main difference here compare to
those numerical simulations is that we consider all com-
ponents of viscous stress tensor. As it is expressed in
previous section, the radial range of our calculation is
10rs ≤ r ≤ 500rs. We implement relaxation method
to solve the set of equations along the vertical direc-
tion. The grid in θ direction is divided into 2000 equally
spaced points and iteration technique is used to find the
value of ρ0 with m˙ = 1300 at rmax. For this constant
mass accretion rate, we obtain ρ0 = 2.89× 10−5gr/cm3.
We can reasonably treat this value as a boundary con-
dition. The global properties of the solutions we obtain
in this way agree well with those presented in numerical
simulations of Ohsuga et al. 2005 and Yang et al. 2014.
In the following subsections, we explain in details the
flow properties based upon our solutions.
4.1. Inflow-outflow structure of the solutions
Figure 1 presents angular profiles of physical quan-
tities at r = 10rs. We can see, the density and the
radiation pressure decrease rapidly from the equatorial
plane to the rotation axis. Since we are interested in
studying the case where the radiation pressure is much
more stronger than the gas pressure, i.e., pgas/prad  1,
this pressure represents the total pressure of the flow.
As it is shown in the top-left panel of Figure 1, at the
region close to the equatorial plane, θ > 65◦, the radial
velocity is negative and the gas particles move toward
the central black hole. While, in the region, θ < 65◦, the
sign of the radial velocity changes and becomes positive.
Furthermore, the top-middle panel shows the variation
of vθ along the vertical direction. From this plot, it is
seen that vθ has a negative value in all angles, and is zero
at both the equatorial plane and the rotation axis due
to the boundary conditions. The minimum value of vθ
is also located around θ ∼ 43◦. Moreover, the bottom-
right panel of Figure 1 represents the Mach numbers.
We plot this figure to check the existence of the sonic
point at the high-latitude region. As we can see, there
does not exist any sonic points in this region. The Mach
number |vr|/cs decreases from the equatorial plane to
about 65◦, where the radial velocity is zero. Then, it
increases until θ = 30◦ and again decreases rapidly to
the rotation axis. This behavior can be explained by
the isothermal sound speed, cs = p/ρ. The profile of
the density and the total pressure in Figure 1 show that
the density decreases rapidly from the equator to the
pole while the pressure is almost constant at the range
0 < θ < 30◦. Therefore, the Mach number declines in
this range. Also, |vθ|/cs has a maximum value at θ = 43◦
and becomes null at both axes due to the boundary con-
ditions there, i.e, vθ = 0. For both lines, the Mach num-
bers are less than unity which clearly shows that there
is no critical point at high latitudes.
In the left panel of Figure 2, we plot two-dimensional
distribution of the density overlaid with the stream lines
of the flow. The results are shown for m˙ = 1300 and the
poloidal velocity is normalized by 0.1c. It can be seen,
the density tends to be larger around mid-plane than
that around the polar axis. Moreover, the stream lines
are directed toward the black hole at low latitudes with
small magnitudes. At high latitudes, they are pointed
outward and become outflow. For high accretion rate,
as in our present study, the outflow can be driven by the
radiation pressure produced at inner radii. This strong
radiation interacts with the gas particles and can push
them away as high velocity outflow. This figure clearly
shows the high velocity field region at high latitudes at
r = 10rs. As shown in top-left and top-middle panels
of figure 1, the poloidal velocity of outflow reaches to
about ∼ 0.25c. These results are fully consistent with
the results obtained in Yang et al. 2014 (see Fig. 1) and
Ohsuga et al. 2005, where the inflow is presented in low
latitude around the equatorial plane of the disc while
outflow is presented at high latitude regions.
The two-dimensional profile of the radiation temper-
ature, T = (E/a)1/4, is plotted in the right panel of
Figure 2, (where, a = 7.5646 × 10−15 erg cm−3 K−4 is
the radiation constant). The logarithm of the temper-
ature is overlaid with the poloidal velocity normalized
with its absolute value denotes the direction of the vec-
tors. With the assumption of pgas/prad  1, the gas and
the radiation are in equilibrium, so their temperatures
are almost equal. Due to the heating of the gas by the
viscous dissipation, the temperature is relatively higher
in the inner region than that at the outer radii. There-
fore, this produced energy can be effectively converted
into the radiation energy. This figure somehow repre-
sents the distribution of the radiation internal energy
density. In addition, at large radii with high latitudes,
we can see the temperature is lower than one at low lat-
itudes with the same radii. This is the consequence of
the radiative cooling by the outflow.
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Figure 3: Angular distribution of the radial forces (left panel), and angular forces (right panel) per unit mass at
r = 10rs. The forces include gravity (black dotted line), centrifugal force (blue solid line), radiation force (red solid
line), and their sum (black solid line).
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Figure 4: Force analysis at inflow/outflow region to show the driving mechanism of the outflow at r = 25rs. The
length of the arrows schematically denotes the magnitude of the forces while the direction for the direction of forces.
The forces include gravity, centrifugal, radiation, and the sum of them. The dash-dotted line shows the location of
vr = 0, the dashed line represents the location of dvθdθ = 0, and dotted line shows the radius where the forces calculated.
4.2. Physical properties of the outflow In this subsection we calculate the physical properties
of the outflow based on our self-similar solutions. In
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the top-right panel of Figure 1 the angular velocity of
the accretion flow is plotted. It is seen that the angular
velocity increases from the equatorial plane to the rota-
tion axis and becomes almost Keplerian at high latitudes
which is consistent with Yuan et al. 2012a numerical
simulation results. This indicates that the outflow can
transport angular momentum outward from the disc. To
check this issue in more detail, we evaluate the mass flux
weighted value of the inflow and the outflow quantities
as,
Qin(r) =
4pir2
∫ pi/2
0 ρQmin(vr, 0) sin θdθ
4pir2
∫ pi/2
0 ρmin(vr, 0) sin θdθ
, (18)
Qout(r) =
4pir2
∫ pi/2
0 ρQmax(vr, 0) sin θdθ
4pir2
∫ pi/2
0 ρmax(vr, 0) sin θdθ
, (19)
where, Q represents the physical quantities. The mass
flux weighted angular momentum of the inflow and the
outflow are found as,
Lin = 0.79LK , (20)
and
Lout = 0.89LK , (21)
where LK is the Keplerian angular momentum. This
result clearly shows that the angular momentum of the
flow can be transferred by the outflow which is fully
consistent with the numerical simulation results of su-
percritical accretion discs (see Ohsuga et al. 2005 and
Yang et al. 2014). We also define the Bernoulli param-
eter as,
Be(r) = v
2
2 +
γp
(γ − 1) ρ −
GM
r
, (22)
where, γ = 4/3 is the specific heat ratio. The Bernoulli
parameter is the sum of the kinetic energy, the enthalpy,
and the gravitational energy of the accreting gas. The
mass flux weighted Bernoulli parameter of the outflow
is obtained as,
Be = 2.67 v2K . (23)
The value of the Bernoulli parameter is positive which
shows the outflow has enough energy to overcome the
gravity of the central back hole and escape to the in-
finity. The mass flux weighted poloidal velocity of the
outflow, i.e., v2pol = v2r + v2θ , is also calculated as,
vpol = 0.44 vK . (24)
Here, we conclude that the radiation driven outflow
has enough energy and power to interact with its sur-
rounding, overcome the gravitational potential and es-
cape to the infinity.
4.3. Analysis of forces driving the outflow
In order to understand which force can drive outflow
from our system, we plot in Figure 3 the angular distri-
bution of the radial forces (left panel) and the angular
forces (right panel) at r = 10rs. We can see from the left
panel of this figure that the angular profile of the total
force has similar behavior with the angular profile of the
radial velocity shown in Figure 1. In addition, left panel
of Figure 3 shows that within 60◦ < θ < 90◦ the radial
component of the centrifugal force is greater than the
radial component of the radiation force and can effec-
tively counteracts the gravitational force in this range.
However, within 0◦ < θ < 60◦, the radial component
of the centrifugal force decreases rapidly and becomes
null at the rotation axis. In contrast, the radial com-
ponent of the radiation force is the dominant force near
the rotation axis and we can see there exists very strong
outflow near this axis. Therefore, it can be concluded
that the radial radiation force is the dominant force and
plays the important role to drive outflow at high lati-
tudes. It is interesting here to compare this result with
the case of hot accretion flows (Yuan et al. 2015), in
which radiation can be neglected. Although the domi-
nant driving force is different in the two cases, outflow
is always present and even their properties are similar.
It is seen from left panel of Figure 3, the angular com-
ponent of the total force is very small at the region near
the equatorial plane, i.e., 50◦ < θ < 90◦, which clearly
shows that the flows are in the force equilibrium in the
inflow region. This is mainly because from this panel
we can see that the centrifugal force balances with the
radiation force in the vertical direction. The angular dis-
tribution of both the radiation force and the centrifugal
force become zero at both axes due to the boundary
conditions.
To have a better understanding of the magnitude of
the forces in different θ angels and study the driving
mechanisms of the outflow, we calculate the forces at
different regions. Figure 4 shows the result at r = 25rs
in the unit of gravity. We can see from this figure that
at the inflow region, θ = 85◦, the dominant force is the
gravity so, the flow moves toward the central black hole.
In the intermediate region, θ = 45◦, the driving forces
are the centrifugal and the radiation forces. As it is
seen, the strength of these forces are comparable means
both of them can drive outflow in this region, but not
so strong. Instead, at very high latitudes, θ = 15◦,
the radiation force can efficiently offset the gravity and
play a noticeable role in driving the outflow whereas
the centrifugal force is negligible and does not have any
efficient contribution to the total force. These results
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are again fully consistent with those found in Yang et
al. 2014 and Ohsuga et al. 2005.
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Figure 5: Angular variations of κ2 ( green dotted line),
N2R (blue dashed line), N2z (cyan dash-dotted line), N2eff
(red solid line), and ∆lS (black solid line). The quanti-
ties κ2, N2R , N2z , and N2eff are normalized by Ω2K , and
∆lS is normalized by v2K .
4.4. Convective stability
In term of supercritical accretion flow, due to the large
scattering optical depth, the photons produced from in-
nermost part of the disc are trapped and cannot effi-
ciently escape from the disc. Furthermore, the specific
entropy is dominated mostly by the radiation photons
since the radiation pressure is much more important
than the gas pressure here. Several analytical and sim-
ulation works have been done to study the convective
stability of supercritical accretion flows. For instance,
based on the local energy balance, Sadowski et al. 2009
and Sadowski et al. 2011 found that the disc is convec-
tively unstable. However, Gu 2012 used self-similar so-
lutions and concluded that radiation pressure-supported
disc is always convectively stable. This discrepancy be-
tween these works might be related to the different def-
inition of vertical structure of the disc. In terms of nu-
merical simulation, Yang et al. 2014 studied this issue
based on their simulation data for large and small val-
ues of viscosity parameter. They found that for large
value of viscosity parameter, α = 0.1, about half of the
computational domain was convectively unstable, while
for α = 0.005, the fraction of the unstable region was
much less. They concluded that radiation plays an ef-
fective role to stabilize the convection and can directly
transport energy.
In this subsection, we revisit this problem and analyze
the convective stability of supercritical accretion flow, in
the absence of magnetic field, based on our self-similar
solutions. Thus, we use the well-known Solberg-Høiland
criterions in cylindrical coordinates (R,φ, z) as follows,
1
R3
∂l2
∂R
− 1
CP ρ
∇P ·∇S > 0, (25)
−∂P
∂z
(
∂l2
∂R
∂S
∂z
− ∂l
2
∂z
∂S
∂R
)
> 0, (26)
where l(= r sin θvφ) is the specific angular momentum
per unit mass, CP is the specific heat at constant pres-
sure, P is the total pressure, and S is the entropy defined
as,
dS ∝ d ln
(
P
ργ
)
. (27)
As we expressed in the previous section, we ignored the
gas pressure in this study, therefore the total pressure is
equal to the radiation pressure, i.e., P = E/3. The first
Solberg-Høiland criterion can be simplified as
Neff = κ2 +N2R +N2z > 0, (28)
with
κ2 = 1
R3
∂l2
∂R
, (29)
N2R = −
1
γρ
∂P
∂R
∂
∂R
ln
(
P
ργ
)
, (30)
N2z = −
1
γρ
∂P
∂z
∂
∂z
ln
(
P
ργ
)
. (31)
Here, Neff is the effective frequency, κ is the epicyclic
frequency, and N2R and N2z are defined as the R and z
component of the Brunt-Va¨isa¨la¨ frequency, respectively.
Based on our self-similar solutions, ∂P/∂z is always neg-
ative. Therefore, the second Solberg-Høiland criterion
can be reduced as,
∆lS ≡ ∂l
2
∂R
∂
∂z
ln
(
P
ργ
)
− ∂l
2
∂z
∂
∂R
ln
(
P
ργ
)
> 0. (32)
To find the angular dependency of the two Solberg-
Høiland criterions in spherical coordinates, we apply the
following transformations:
∂
∂R
= sin θ ∂
∂r
+ cos θ
r
∂
∂θ
(33)
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∂
∂z
= cos θ ∂
∂r
− sin θ
r
∂
∂θ
. (34)
The results are shown in Figure 5. In this figure we
plot the angular variations of κ2, N2R, N2z , N2eff normal-
ized by Ω2K and also ∆lS normalized by v2K . We can see
that N2R is always negative, N2z is very small and near
zero, while κ2 is large and positive. Consequently, N2eff
mostly follows κ2 pattern and is positive in all θ angles.
As it is seen ∆lS is negative based on our calculation.
Since, both Solberg-Høiland criterions are not satisfy
here, we conclude that the disc is convectively unstable.
This result is then valid in the absence of magnetic field
since numerical MHD simulations of accretion flow re-
veals that flow is convectively stable over most of the
accretion flow (Narayan et al. 2012; Yuan et al. 2012a).
4.5. Energy advection
To study the energetics of the supercritical accretion
flow, we define the vertically averaged advection param-
eter, fadv, as follows,
fadv ≡ Qadv
Qvis
= 1− Q
−
rad
Qvis
, (35)
where Qadv is the energy advection rate, Qvis is the vis-
cous dissipative heating rate, and Q−rad is the radiative
cooling rate. Based on our numerical results, the radia-
tive cooling rate becomes larger than the viscous dissipa-
tion rate at high latitudes. Therefore, the fadv becomes
negative and plays a heating role rather than cooling
one. To calculate the advection parameter, we average
this quantity over angles θ ≥ 80◦ at r = 10rs (very close
to the equator). In this range the advection parame-
ter is positive in our self-similar solution. The vertical
average of the cooling/heating rates can be written as,
Qadv = 2
∫ 90◦
80◦
qadvr sin θdθ, (36)
Qvis = 2
∫ 90◦
80◦
Φvisr sin θdθ, (37)
Q−rad = 2
∫ 90◦
80◦
∇ · F r sin θdθ, (38)
where qadv and Φvis are the terms presented in equation
[B18]. We found that fadv ∼ 0.62 which is also consis-
tent with the numerical results presented in Yang et al.
2014.
5. SUMMARY AND DISCUSSION
We solved two-dimensional RHD equations of super-
critical accretion flows in spherical coordinates and in
the full r − θ space. Our calculations start from the
rotation axis to the equatorial plane. We adopted the
Newtonian potential for the central black hole. We con-
sidered three components of the velocity and used α
prescription of the viscosity. We supposed the radiation
pressure is much more greater than the gas pressure, i.e.,
pgas/prad  1. Consequently, the gas pressure and also
the internal energy density of the gas was neglected in
our calculations. By adopting the self-similar solutions,
we solved the ODE equations as two point value problem
and obtained the variations of the physical quantities,
vr(θ), vθ(θ), vφ(θ), ρ(θ), and p(θ) in the vertical direc-
tion. We found inflow-outflow solution. Similar to our
previous work, Zeraatgari et al. 2016, we found that the
density profile can be described by ρ(r) ∝ r−0.5. Cor-
respondingly, the radial profile of the mass inflow rate
decreases with decreasing radii as M˙in ∝ r. This result
is fully consistent with recent analytical and numerical
predictions of accretion discs (e.g., Ohsuga et al. 2005;
Yuan et al. 2012a,b; Begelman 2012; Yuan et al. 2015;
Mosallanezhad et al. 2016; Mosallanezhad et al. 2019).
Our results showed the radiation pressure and the den-
sity drop from the equatorial plane to the rotation axis.
In the region θ > 65◦, there exists inflow and above
that flow moves outward and wind would launch. Our
results also show that there is no sonic point above the
disc. In the supercritical case, we studied here, the radi-
ation could push the gas particles outwards and launch
the wind with poloidal velocity ∼ 0.25c. These results
are consistent with previous simulations of Yang et al.
2014 and Ohsuga et al. 2005. From our results, the tem-
perature would drop in the wind region and this clearly
shows that the wind produced by the radiation can ef-
fectively cool the gas. By our calculations, the mass flux
weighted angular momentum of the inflow is lower than
that of the wind so the angular momentum of the flow
can be transported by the wind. This result is again con-
sistent with previous numerical simulations. One of our
purposes here is to study which force can produce wind
in supercritical flow. Our results show the radial com-
ponent of the radiation force is the prominent force to
drive outflow. We approximated the convective instabil-
ity in this study. We found, unlike previous analytical
works, two Solberg-Høiland criterions were not satisfy
here, so the disc is convectively unstable in the absence
of the magnetic field.
There are some caveats in this work which we post-
pone them to our future studies. One is that we assume
that the gas pressure is much more lower than the ra-
diation pressure which is not physical. In principle, the
gas and also the radiation pressures should be compa-
rable with each other. Another caveat here is that, the
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total opacity should include both absorption and scat-
tering opacities. To avoid complexity, we neglected free-
free absorption and bound-free absorption in the present
study. Moreover, in accretion disc models, the magnetic
field would be important to transfer angular momen-
tum outward. In fact, the inclusion of magnetic field
will enhance the outflow as well. Therefore, in terms of
supercritical disc, it would be interesting to investigate
the flow structure by combining both the radiation and
the magnetic field.
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APPENDIX
A. STEADY STATE AND AXISYMMETRIC EQUATIONS IN SPHERICAL POLAR COORDINATES
To simplify the equations (1)-(4), we work in spherical coordinates, (r, θ,φ). We assume axisymmetric, ∂/∂φ and
steady state, ∂/∂t, flow and consider all three components of the velocity as vr, vθ, vφ. We further assume the accretion
disc is radiation supported, i.e., the gas pressure is negligible compared to the radiation pressure, i.e., pgas/prad  1.
Therefore, the gas pressure and the internal energy density of the gas are dropped in our equations. Following Mihalas
& Mihalas 1984, the components of the viscous stress tensor in spherical coordinates are given by,
σrr = 2µ
(
∂vr
∂r
)
− 23µ
[
1
r2
∂
∂r
(
r2vr
)
+ 1
r sin θ
∂
∂θ
(vθ sin θ)
]
(A1)
σθθ = 2µ
(
vr
r
+ 1
r
∂vθ
∂θ
)
− 23µ
[
1
r2
∂
∂r
(
r2vr
)
+ 1
r sin θ
∂
∂θ
(vθ sin θ)
]
(A2)
σφφ = 2µ
(
vr
r
+ vθ cot θ
r
)
− 23µ
[
1
r2
∂
∂r
(
r2vr
)
+ 1
r sin θ
∂
∂θ
(vθ sin θ)
]
(A3)
σrθ = σθr = µ
[
1
r
∂vr
∂θ
+ r ∂
∂r
(vθ
r
)]
(A4)
σrφ = σφr = µr
∂
∂r
(vφ
r
)
(A5)
σθφ = σφθ = µ
[
sin θ
r
∂
∂θ
( vφ
sin θ
)]
(A6)
By substituting the above equations and considering assumptions described in section 2 the basic equations take the
form:
1
r2
∂
∂r
(
r2ρvr
)
+ 1
r sin θ
∂
∂θ
(sin θρvθ) = 0, (A7)
ρ
[
vr
∂vr
∂r
+ vθ
r
(
∂vr
∂θ
− vθ
)
− v
2
φ
r
]
= −ρGM
r2
+ ρκes
c
Fr
+ ∂
∂r
{
2µ∂vr
∂r
− 23µ
[
1
r2
∂
∂r
(
r2vr
)
+ 1
r sin θ
∂
∂θ
(vθ sin θ)
]}
+ 1
r
∂
∂θ
{
µ
[
r
∂
∂r
(vθ
r
)
+ 1
r
∂vr
∂θ
]}
+ µ
r
[
4r ∂
∂r
(vr
r
)
− 2
r sin θ
∂
∂θ
(vθ sin θ) + r cot θ
∂
∂r
(vθ
r
)
+ cot θ
r
∂vr
∂θ
]
, (A8)
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ρ
[
vr
∂vθ
∂r
+ vθ
r
(
∂vθ
∂θ
+ vr
)
− v
2
φ
r
cot θ
]
= ρκes
c
Fθ +
∂
∂r
{
µ
[
r
∂
∂r
(vθ
r
)
+ 1
r
∂vr
∂θ
]}
+ 1
r
∂
∂θ
{
2µ
r
(
∂vθ
∂θ
+ vr
)
− 23µ
[
1
r2
∂
∂r
(
r2vr
)
+ 1
r sin θ
∂
∂θ
(vθ sin θ)
]}
+ µ
r
{
2 cot θ
r
[
sin θ ∂
∂θ
( vθ
sin θ
)]
+ 3r ∂
∂r
(vθ
r
)
+ 3
r
∂vr
∂θ
}
, (A9)
ρ
[
vr
∂vφ
∂r
+ vθ
r
∂vφ
∂θ
+ vφ
r
(vr + vθ cot θ)
]
= ∂
∂r
[
µr
∂
∂r
(vφ
r
)]
+ 1
r
∂
∂θ
[
µ sin θ
r
∂
∂θ
( vφ
sin θ
)]
+ µ
r
[
3r ∂
∂r
(vφ
r
)
+ 2 cos θ
r
∂
∂θ
( vφ
sin θ
)]
, (A10)
1
r2
∂
∂r
(
r2Evr
)
+ 1
r sin θ
∂
∂θ
(sin θEvθ) +
E
3
[
∂vr
∂r
+ 1
r
(
∂vθ
∂θ
+ vr
)
+ 1
r
(vr + vθ cot θ)
]
= − 1
r2
∂
∂r
(
r2 Fr
)
− 1
r sin θ
∂
∂θ
(sin θ Fθ) + 2µ
{(
∂vr
∂r
)2
+
(
1
r
∂vθ
∂θ
+ vr
r
)2
+
(
vr
r
+ vθ cot θ
r
)2
+ 12
[
r
∂
∂r
(vθ
r
)
+ 1
r
∂vr
∂θ
]2
+ 12
[
r
∂
∂r
(vφ
r
)]2
+ 12
[
sin θ
r
∂
∂θ
( vφ
sin θ
)]2}
− 23µ
[
1
r2
∂
∂r
(
r2vr
)
+ 1
r sin θ
∂
∂θ
(vθ sin θ)
]2
, (A11)
where
Fr = − c3ρκes
∂E
∂r
, (A12)
Fθ = − c3ρκes
1
r
∂E
∂θ
. (A13)
B. ORDINARY DIFFERENTIAL EQUATIONS
By applying the equations (11)-(15) into partial differential equations in Appendix A (equations [A7]-[A11]), we
obtain following five coupled ordinary differential equations in θ direction as,
ρ
[
vr + vθ cot θ +
dvθ
dθ
]
+ vθ
dρ
dθ = 0 (B14)
ρ
[
−12v
2
r + vθ
dvr
dθ − v
2
θ − Ω2 sin2 θ
]
= −ρ+ 32p+ αp
d2vr
dθ2
+ α
{[
−3vr + dvrdθ cot θ −
5
2
(
dvθ
dθ + vθ cot θ
)]
p+
[
dvr
dθ −
3
2vθ
]
dp
dθ
}
(B15)
ρ
[
1
2vrvθ + vθ
dvθ
dθ
− cos θ sin θΩ2
]
= −dp
dθ
+ 43αp
d2vθ
dθ2
+ α
{[
5
2
dvr
dθ − vθ
(
9
4 +
4
3 cot
2 θ
)
+ 43
dvθ
dθ cot θ
]
p+
[
vr +
4
3
dvθ
dθ −
2
3vθ cot θ
]
dp
dθ
}
(B16)
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ρ
[
1
2vrΩ sin θ + vθ
dΩ
dθ sin θ + 2vθΩ cos θ
]
= α
{
− 94pΩ sin θ + p
d2Ω
dθ2 sin θ +
dp
dθ
dΩ
dθ sin θ + 3p
dΩ
dθ cos θ
}
(B17)
3
2vrp+ 3vθ
dp
dθ + 4p
dvθ
dθ + 4vθp cot θ = τ
−1
0
(
c
v0
)
×
[
− 1
ρ2
dp
dθ
dρ
dθ +
1
ρ
d2p
dθ2 +
1
ρ
dp
dθ cot θ
]
+ αp
{
1
2v
2
r + 2
(
vr +
dvθ
dθ
)2
+ 2 (vr + vθ cot θ)2 +
1
4
(
3vθ − 2dvrdθ
)2
+ sin2 θ
[
9
4Ω
2 +
(
dΩ
dθ
)2]
− 23
[
3
2vr +
dvθ
dθ + vθ cot θ
]2}
(B18)
where τ0(= ρ0r0κes) is the midplane optical depth at r0. The above ODEs represent the variation of five scaler
quantities, vr(θ), vθ(θ), vφ(θ), ρ(θ), and p(θ) in θ (for simplicity, we remove the θ dependency of our physical variables
in the above equations).
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